We study the role that a cosmic triad in the generalized SU (2) Proca theory, specifically in one of the pieces of the Lagrangian that involves the symmetric version Sµν of the gauge field strength tensor Fµν , has on dark energy and primordial inflation. Regarding dark energy, the triad behaves asymptotically as a couple of radiation perfect fluids whose energy densities are negative for the S term but positive for the Yang-Mills term. This leads to an interesting dynamical fine-tuning mechanism that gives rise to a combined equation of state parameter ω −1 and, therefore, to an eternal period of accelerated isotropic expansion for an ample spectrum of initial conditions. Regarding primordial inflation, one of the critical points of the associated dynamical system can describe a prolonged period of isotropic slow-roll inflation sustained by the S term. This period ends up when the Yang-Mills term dominates the energy density leading to the radiation dominated epoch. Unfortunately, in contrast to the dark energy case, the primordial inflation scenario is strongly sensitive to the coupling constants and initial conditions. The whole model, including the other pieces of the Lagrangian that involve Sµν , might evade the recent strong constraints coming from the gravitational wave signal GW170817 and its electromagnetic counterpart GRB 170817A.
Introduction -The vector sector of gauge field theories is built from the gauge field strength tensor F µν , its Hodge dualF µν , and, if the gauge symmetry is spontaneously broken, from the vector field A µ [1] . Generalized Proca theories have taught us that, when the gauge symmetry is explicitly broken, the vector sector of these theories is also built from the symmetric version S µν of F µν [2, 3] (see also Refs. [4, 5] ). The cosmological implications of F µν ,F µν , and A µ have been well investigated in the literature (see, for instance Refs. [6] [7] [8] ) but little has been said about S µν . In this paper, we study the cosmological implications of a cosmic triad [9] in the vector-tensor Horndeski theory, also called the theory of vector Galileons, endowed with a global SU (2) symmetry. In particular, we analyse the Yang-Mills Lagrangian together with L 1 4 ⊂ L 4 , it being one of the pieces of the generalized SU (2) Proca Lagrangian [10] that contains contractions of two S µν . We have found an asymptotic behaviour in which the cosmic triad under L 1 4 behaves as an almost radiation-like perfect fluid with negative energy density and pressure whose absolute values matches almost precisely those of the radiation perfect fluid coming from the same cosmic triad under the Yang-Mills Lagrangian. The system exhibits an interesting dynamical fine-tuning mechanism which results in a combined equation of state parameter ω −1 and, therefore, in an eternal isotropic inflationary period; this makes of this model an ideal candidate to explain the dark energy. We have also explored the dynamical system associated to this model and we have found that one of the critical points may correspond to a prolonged period of isotropic slow-roll accelerated expansion. This is a saddle point, i.e., it represents a transient state of the dynamical system so that the inflationary period comes naturally to an end, this being replaced by a radiation dominated period by virtue of the Yang-Mills Lagrangian; this model would be an ideal candidate to explain the primordial inflation were it not for the necessary judicious choosing of initial conditions and parameters in the action. The purpose of this paper is to isolate and understand the cosmological implications of L 1 4 despite of being apparently strongly constrained [11] [12] [13] [14] [15] by the recent observation of the gravitational wave signal GW170817 [16] and its electromagnetic counterpart GRB 170817A [17, 18] 1 . Generalized Proca theories and the cosmic triad -Generalized Proca theories are built following the same construction idea of the Galileon-Horndeski theories [4, 19] . Whatever choices Nature had to define the action, once the field content and the symmetries were decided, all of them must comply with a Hamiltonian bounded from below. And this may be possible, according to Ostrogradski [20] , if the dynamical field equations are, at most, second order in space-time derivatives. If the latter condition were not satisfied, the system would generically enter in a severe instability, called Ostrogradski's, both at the classical and quantum levels [21, 22] . The traditional approach to construct such theories is by employing scalar fields as the field content [23] [24] [25] [26] [27] [28] . Nothing significantly new, compared to the usual canonical kinetic term, is obtained when employing, instead, an Abelian gauge field [29, 30] . Hence, having new phenomenology requires no longer invoking gauge symmetries, i.e., it requires a generalization to the Proca action. Such a generalization was performed in Refs. [2, 3, [31] [32] [33] [34] where it was recognized that, besides F µν and its Hodge dualF µν , the action is also defined in terms of A µ and the symmetric version
The application of all these ideas to non-Abelian theories culminated in the construction of the generalized SU (2) Proca theory [10] (see also Ref. [35] ). An interesting aspect of this theory is the explicit violation of the SU (2) gauge symmetry which allows a mass term and its generalizations written in terms of the non-Abelian versions of A µ , F µν ,F µν , and S µν . Another interesting aspect is the global character of the SU (2) symmetry which might play an important role in particle physics 3 . A third interesting aspect is the possibility of using a cosmic triad [9] , a set of three vector fields mutually orthogonal and of the same norm, which corresponds to an invariant configuration both under SU (2), for the field space, and SO (3) , for the phys-ical space, in agreement with the local homomorphism between these two groups. The cosmic triad configuration has been employed before [36] [37] [38] [39] [40] [41] [42] and, at least in the Gauge-flation scenario [36, 37] , its naturalness has been shown in the sense that it is an attractor in a more general anisotropic setup [43] . The cosmological implications of the generalized Proca theory for an Abelian vector field have been recently studied [32, [44] [45] [46] [47] but always working with a time-like vector field so that the spatial components are chosen to vanish, avoiding this way disastrous anisotropies 4 . In contrast, the isotropic configuration provided by the cosmic triad, although the latter is composed of vector fields that inherently define privileged directions, is amply favoured by cosmological observations. It is the purpose of this paper to focus on the spatial components of a triad of space-like vector fields.
The non-Abelian S terms and the considered modelThe Lagrangian of the generalized SU (2) Proca theory is composed of several pieces that are described in Eqs. (96) - (99) of Ref. [10] . Of particular importance is L 4 which is characterized by the two first-order covariant space-time derivatives of A µ that each of its terms contain (except for the non-minimal coupling to gravity terms):
with α, κ, λ ∈ R and where
In the previous expressions, gauge indices run from 1 to 3 and are represented by Latin letters, space-time indices run from 0 to 3 and are represented by Greek letters, R 4 An exception is the model studied in Ref. [48] where a triad of space-like Abelian vector fields is considered so that the temporal components are chosen to vanish. The results of this work are very interesting despite the unnaturalness of the triad configuration when there is no an underlying global SU (2) symmetry. 5 The difference between our L 1 4 and that in Ref.
Likewise, the difference between our L 2 4 and that in Ref.
(96) of Ref. [10] .
is the Ricci scalar, R µνρσ is the Riemann tensor, G a µν is the Abelian version of F a µν : 
It is very important to notice that the third line of L 
A 4 R which is part of the corresponding L 4 in the generalized Proca theory for an Abelian vector field [4] . This is the reason why we will denote L 1 4 and L 2 4 as the non-Abelian S terms. In this paper, we will analyse the cosmological consequences of the non-Abelian S term in the action
where g µν is the metric tensor, L E−H is the EinsteinHilbert Lagrangian,
is the canonical kinetic term of A µ , and
where g is the coupling constant of the group whereas the group structure constants are given by the Levi-Civita symbol abc . The autonomous dynamical system -In order to sustain a homogeneous and isotropic background, the cosmic triad is described by
where aψ represents the homogeneous norm of the triad and a is the scale factor in the Friedmann-LemaitreRobertson-Walker spacetime. In terms of the dimensionless quantities
where m P is the reduced Planck mass, H is the Hubble parameter, and a dot represents a derivative with respect to the cosmic time t, the field equations coming from the terms proportional to δg µν and δA µ in δS = 0, with S as in Eq. (7), turn out to be
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where
is a dimensionless quantity and
is one of the standard slow-roll parameters. Eq. (14) is redundant, it being already included in the Einstein field equations (12) and (13) . However, in a dynamical systems approach, Eq. (12) acts as a constraint for the dimensionless parameters x, y, z whose evolution equations are
whereas Eqs. (13) and (14) serve as a way to solve both p and in terms of x, y, z. In the previous expressions, a prime represents a derivative with respect to the e-folds number N ≡ Hdt. Asymptotic behaviour and dark energy -This autonomous dynamical system enjoys a nice asymptotic behaviour that leads to the description of two coexistent but artificial radiation perfect fluids, one associated to the Yang-Mills Lagrangian with both positive energy density and pressure which we will call the positive fluid, and the other associated to the S term with both negative energy density and pressure which we will call the negative fluid. Such asymptotic behaviour is given by
with β, γ ∈ R. Indeed, Eq. (18) is consistent with this behaviour as x − β −1 x = 0, i.e., x ∝ e N/β → ∞. As can be checked, Eqs. (12) and (17) - (19) are satisfied simultaneously in the asymptotic regime for
which, in turn, makes → 0 (and, therefore, ω → −1). Negative values for α would render γ ∈ C disabling the asymptotic behaviour; in contrast, positive and negative values for g are allowed. Figs. 1a and 1b show the asymptotic behaviour for y/x and z/x for a chosen set of initial conditions. As stated before, the system exhibits an asymptotic dynamical fine-tuning mechanism, as the absolute values of the energy densities of the negative fluid (|ρ α |) and of the positive fluid (ρ YM ) grow exponentially but, nevertheless, matches almost precisely, irrespective of the initial conditions 6 , so that ρ tot = ρ YM + ρ α approaches a finite constant value. To see this, we can easily extract Ω α ≡ ρ α /ρ tot and Ω YM ≡ ρ YM /ρ tot from Eq. (12):
and check that in the asymptotic limit given by Eqs. (20) and (21), ρ α → −ρ YM . This is confirmed by the numerical solution presented in Fig. 1c . Fig. 1d shows the exponential growth with N of both Ω YM and |Ω α | whereas Fig. 1e reveals the predicted behaviour for ρ tot ∝ √ H. As observed in the figures, the apparent breakdown of the classical regime due to the exponential growth of the absolute values of the energy densities is disproved by the good behaviour of H < m P . The equation of state parameter for each fluid can also be studied by extracting the pressures P YM and P α from Eqs. (12) and (13):
Of course, ω YM = 1/3, whereas ω α is a complicated function of N that goes, in the asymptotic limit given by Eqs. (20) and (21), to 1/3; this is numerically confirmed in Fig. 1f . Regarding the equation of state parameter for the whole fluid, we have asymptotically ω tot → −1; this is analytically the case as shown just below Eq. (21) and it is numerically confirmed in Fig. 1g . Such an interesting built-in self-tuning mechanism to generate an 6 Unless they are near enough an attractor of the dynamical system. equation of state parameter ω −1, in agreement with the observed equation of state parameter for dark energy ω = −1.006 ± 0.045 [49, 50] , could not be an ideal candidate to explain the dark energy if the asymptotic value for H did not correspond to the observed value today H 0 = 9.03h×10
−61 m P with h = 0.678±0.009 [49] . From the definitions in Eq. (11) and the asymptotic behaviour described in Eqs. (20) and (21), we obtain
which is consistent with the numerical solution for H in Fig. 1e . This reveals that H can reproduce its presently observed value for a low enough value of |g|: |g| 7H 0 /m P ≈ 4 × 10 −60 , irrespective of the initial conditions (for α > 0, see footnote 6). The insensitivity to the initial conditions can be observed comparing Figs.  1 and 2 .
Primordial inflation -Aside the asymptotic behaviour, the critical points of the dynamical system in Eqs. (17) - (19) have also been studied. There exist 112 critical points, 51 of them being unrealistic as they correspond either to complex values for y or z or to real values for the same variables but with different signs, other 38 lead to ≥ 1, other 6 lead to < 0 and the other 17 lead to 0 ≤ < 1. The latter ones are of special interest because they represent non-phantom accelerated expansion which, eventually, could be long enough but of finite duration to be ideal candidates to explain the primordial inflation. 8 out of these 17 critical points are unrealistic too because the inflationary period is only given for H → ∞. From the remaining 9 critical points, 8 are uninteresting, most of them because inflation is very short (a few efolds). So we are left with 1 critical point, a saddle point indeed, that satisfies all the properties to be identified with a primordial inflationary period as described in Fig. 3 . Unfortunately, and in contrast to the dark energy scenario, the primordial inflation in this model is strongly sensitive to the initial conditions and coupling constant α.
Further exploration of the model -The model presented above is so attractive, plausible, and well founded, at least as dark energy is concerned, that deserves further exploration. One of the first things to do is to investigate whether the Hamiltonian is actually bounded from below 7 . In addition, a complete study of the cosmological perturbations is required in order to establish the robustness of the model against Laplacian and ghost instabilities, to check the perturbative stability of the isotropic solution, and to calculate the sound speed c s which is a distinctive feature of any dark energy model [51] . Another 7 As the requirement that the dynamical equations must be, at most, second order in space-time derivatives is a necessary but not sufficient condition to avoid the Ostrogradski's instability. gest that the coupling with the Riemann tensor in Eq. (3) does not modify the gravitational waves speed; this suggestion is strengthened by the fact that L 6 in the generalized Proca theory for an Abelian vector field, which contains a coupling between two gauge field strength tensors and the double dual Riemann tensor, is not constrained as it does not alter the gravitational waves speed [11] 8 . The harmful terms seem then to be the couplings with the Ricci scalar. Thus, an adequate relation between the α and κ parameters in αL 4 must be studied having in mind that the dark energy mechanism presented in this paper might not be counterbalanced by κL 2 4 9 . We expect to address this issue in a forthcoming publication.
